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Average Widths of Sobolev Classes on IRn
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In Ihis paper, we introduce the concept of rp-average dimension for some
subspaces of Lp(IWj and define the corresponding Kolmogorov rp-average v-width
of a set in Lp(lij"j. For the SoboJev class W;(W) in Lq(lij") we find necessary and
sufficient conditions for this quantity to be finite and determine its asymptotic
behaviour as \' --+ 00. We also obtain the exact value of the average v-widths of some
classes of functions in L 2([R"). "1994 Academic Press. Inc.

1. DEFINITIONS AND FORMULATION OF THE MAIN RESULTS

1.1. Let (X, 11·11) be a normed linear space. We use the following
notation:

BX:= {XE X Illxll ~ I} is the unit ball in X,
Lin(X) is the set of all linear subspaces of X.
d(x, A, X) := inf{ Ilx - yll lyE A} is the distance of x E X from A eX,
d(C,A,X):=sup{d(x,A,X)lxEC} is the deviation of CcX from

AcX,
dn(C, X) := inf{ d( C, L, X) I L E Lin(X), dim L ~ n} is the Kolmogorov

n-width of C in X (nE,z+ := to, 1,2, ... }).

1.2. Let nE N:= {I, 2, ... }, IJD:= (PI> ... ,Pn), 1 ~Pi";; CfJ, i= I, ..., n,
1= (a, b), - 00 ~ a < b,,;; CXJ, In = Ix ... X I, and Lp(ln) denote the Banach
space of measurable functions x(·) on I" with the mixed norm

IIx(')IILp(l"' :=(f dt" (f dt ll I .. ·(f IX(t)\Pl dt,Y2iPl ...y"iP" 'YiP"

(see [I]).
When IJD = (p, ..., p), Lp(l") coincides with the usual space Lp(l").
For ease of writing, we denote ~ = (I, ..., 1), 2 = (2, ..., 2), ill = (efJ, ..., co).
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If \ID=(p" ...,p"), iI1I=(q" ...,q"), I~Pi' qi~oo, i=I, ...,n, then \ID~iI1I

(lID < iI1I) means Pi~qi (Pi<q;), i= 1, ... , n.
Let a> 0, and Pa be the continuous linear operator in L,,(IR") defined by

Pax(·) := Xu<.) x(·), where X a(·) is the characteristic function of the cube
[-a, aY.

Set

Linc(Lp(IR")):= {LELin(L,,(IR") I restriction Pa to L is

a compact operator for all a> O}.

Let LELinc(L,,(W» and a>O. Then Pa(LnBLp(W» IS relatively
compact and therefore the quantity

K,(a, L, Lp(IR"»

:=min{nE&:+ I d"(Pa(LnBLp(W», Lp(W»<e}

is finite for every a> 0 and e > O.
It is easily verified that the function a -+ K,(a, L, L p( IR"» is non­

decreasing and the function e -+ K(a, L, Lp(IR"» is nonincreasing.

Remark. Obviously we can identify Pa(L n BLp(W» with the
restriction L n BLp(W) to [-a, aJ". It is then easy to check that

K,(a, L, Lp(W»

=min{nE&:+ I d"(P)Ln BLIl(W», L u,([ -a, aY))<e}.

Let C/J denote the set of all positive nondecreasing functions cp(.) on
(0, OC!) for which cp(a) -+ 00 as a -+ 00.

DEFINITION 1.1. Let L E Linc(L p(IR"» and cp(-) E C/J. Then the cp-average
dimension of Lin Lp(IR") is defined as

K (a L L (IR"»
dim(L,Lp(W),cp(.»:=lim liminf ' , , p (1.1)

l:~O a~XJ cp(a)

If cp(a) = (2a)" (the volume of cube [-a, aJ") then we call (1.1) the
average dimension of Lin Lp(IR") and denote it by dim(L, Lp(IR"». In this
case (1.1) is a slight modification of the definition given by Tikhomirov
[ 10].

DEFINITION 1.2. Let C be a centrally symmetric subset of Lp(IR"),
cp(.) E C/J, and v~ O. The Kolmogorov cp-average v-width of C in Lp(W) is
defined as

d,,(C, L,,(IR"), cp(.» :=inf sup inf IIx(·)- Y(-)II LpR"p (1.2)
L x( . ) E C y(.) E L
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where the infimum is taken over all subspaces L E LinALp(W)) such that
dim(L, LIl(W), cp(·))~v.

If cp(a) = (2at, then we call (1.2) the Kolmogorov average v-width of C
in Lp(IW) and denote it by dv(C, L,,(lRn)).

1.3. Let S= S(W) be the space of rapidly decreasing functions on
IRn, and S' = S'(W) the dual space of tempered distributions with the usual
topologies. Denote by F: S' -. Sf and F~ 1: S' -> S' the Fourier transform
and its inverse, respectively.

For each Cl E IR, .x;;: Sf -. S' denotes the operator defined by .x;; x :=
(I + !0"1 2

)'/2 X, where O"=(O"I"",O"n), !0"1 2 =O"T+ ... +O"~. Let 1,:=
F~ 1 0 .x;; 0 F and 1 ~ IlD ~ ID. Set

£;(~n):= {XES'(W) I (/,x)(-)ELp(W)}.

This is a Banach space with norm IIx(')IIJt'~(Rn):=1I(l,x)(')IIL,(Rn) [3].
If IlD = (p, ..., p), then £;(lR n

) are the well-known spaces of Bessel
potentials, or Liouville spaces (see, for example, [8, 9J).

When 1 < IlD < m and Cl = r E f\J, £;(W) coincides with the Sobolev space

1Y;(W) := {x(.) E Lp(lRn) I a'x(· )jatj E Lp(W), j = I, ..., n}

(see [3 J).
The set

we call the Sobolev class.
In the case where n = I, we have determined the asymptotic behaviour of

dv( W~(IR), L q (IR), cp(.)) (for some p, q) as v grows, and we have also found
the exact values of dv(W~(IR), Lp(IR)) for alli ~p~ 00 (see [5-7J). In this
paper, we are interested in the case where n is an arbitrary positive integer.

1.4. The following assertions are the main results in this paper.

THEOREM 1.1. Let r, nEf\J, 1<1lD=(PI, ...,Pn)=4:jJ=(ql, ...,qn)<m
or 1<p~4:jJ~2, if P¥4:jJ· Next, let r>L.;~l (ljpj-IjqJ, cp(')EcP,
and v>O. Then dv(W~(W), L'l(W),cp(,))<oo if and on(v if
lim infa~ oo(anjcp(a)) < 00.

If, in addition, liminfa~oo(anjcp(a))>O, then
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THEOREM 1.2. Let n EN, (X> 0, and v~ O. Then

lvhere T(.) is the Euler function (and, recall, that BJIf~(IR") is the unit ball
in JIf~(IR")).

2. PRELIMINARY RESULTS

Let n EN, U = (0 I' ... u,,) ~ ®, 1 ~ IJ» ~ 00, and .cj'", p(IR") denote the
restriction to IR" of the space of all functions of exponential type U which
belong to Lp(lR") (see [8J).

LEMMA 2.1. Let ~~1J.II~00 and u=(ul, ...,u/.»@. Then 86",p(IR")E
Linc(lR") and

- U · .. ··0
dim(fJd (IR") L (IR")) ~ I "

cr, J1I . '[PI """= rr/J .

The case for IJ.II = (p, ... , p) follows from [2]. The argument in the general
case is similar.

LEMMA 2.2. Let 1<1J»=(P2, ...,P,,)~I!lI=(ql, ...,q,,)<oo, rEN, r>
L;'~ I (lIp; - Ilq;), }' > 0, and U = (}'I/", ... , 1'1/"). Then there exists a constant
c > 0 depending only IJ.II, 1!lI, and r so that

d( W~( IR"), 31". q( IR"), L
q

( IR")) ~ C}' - \1/,,)(r I:7", \I/p} - I/q,)).

This is a consequence of the general result [4].
Let ,~ be a finite set, n E N, ,1" =.~ x .. , x .~, N = card .~n, and

~~IJ.II=(PI""'P,,)~oo. Denote by 1;'(.1") the normed linear space of
functions aj, ... j,,' ikEJ, 1~k~n, on ,r with the mixed norm

LEMMA 2.3. Let k, n E N, ,~ be a finite set, card ,r =: N> k,
~ ~ IJ» ~ il1I ~ 2, and 81 ':(.r) the unit ball in I Z(.r). Then

ddB1Z(,I"), I~'(,r))~ )1- ~.
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(2.1 )

holds true for all aj.... j.EIZ(.P).
Indeed, if n = I, then the assertion is true (see [12]). The general case is

proved by an obvious inductive argument.
By (2.1) and definition of the Kolmogorov k-width and since

~ ~ [pi ~ GI ~~, we obtain

ddBIZ(JII), 1~(.P»~ dk(BI~(J"), 1~(J"»).

1;(JII) in the special case lID = (p, ..., p) we can identify with Ip(~N). It is the
normed space of vectors ~=(~I'''''~N)E~N with norm 11~ll/r(M'I:=
CL7~ I l~iIP)IIP. Thus,

dk(BI ~(J/I), I ~V(J"» = dk(BI) (~N), 12(IR N» = JI - ~,

where the last equality is a well-known result (see, for example, [11]).
Lemma 2.3 is proved.

Let r/!(-)E C"(IR), supp r/!(.)c [0, I], r/!(t) ~O, nr/!(t) dt = I, and II> O.
Put r/!j.h(t) = r/!(t/Il - j), jE 71.. Then supp r/!i.h(·) C Aj,h := [.ih, (j + 1 )h].

Let n EN. We associate with any (jJ, ... , jn) E 71./1 and h > 0 the following
function on IR/I:

II

'lj,·i•. h(tJ, ..., t ll ):= n r/!".h(tk)'
k ~ 1

It is obvious that 'lj'i.. h(-)ECOC(IR") and supp 'lj'i•. h(·)cA;, . ".,,:=
Ail. h X ... x Ai•. h'

For any n, mEN, h > 0 define the space L m.h(n) by

L m.h(n) := span{ 'lj'i•. h(') I jJ, ..., jn = -m, ..., m - I}.

It is easy to see that dim L m . h(n) = (2m)/I, and supp x(·) c [-mil, mll]"
when x(·) ELm. h(n).

For x(·) E L j ([ -mh, mh]") put

Pm./I,h x (·):=h-" i,.~t~-m (Li'i•. h X(T)dT) 'Ph i•. h(·)· (2.2)

LEMMA 2.4. Let m, n E Nand h > O.

(1) If ~ ~ /PI = (PI' ..., Pn) ~ 00, then Pm. II. h is a continuous linear
projection in L,,([ -mh, mh]"), and there exists a constant c>O depending
only on [pi such that II Pm. /I. hll ~ c.
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(2) If ~";;\lD=(Pl,·.. ,p,,)";;m, k=(kl,···,k,,)EZ:, §m={-m, ...,
m - 1}, N = (2m r, and x(·) = L:;:.~~jn ~ -m aJt __ -jn 'Ph -jn. h(') ELm. h(n), then
there exists a constant c > 0 depending only on \lD and k such that

Ilak, + - - + knx(- )fot k, ... otknll = ch -Ikl + Ljn~ 1 (I/PJ11Ia _ II
• I "Lp([-mh,mh]nj )1 .. jn ':(J:;'I'

(2,3 )

....,here Ikl =k 1 + ." +k".

(3) If ~ ";;\lD=(p" ...,p")";;II1I=(q,, ...,q,,)";;m and k=(k1,· .. ,k,,)E
Z:, then there exists a constant c > 0 depending only on 1JlI, 1111, and k such
that the inequality

Ilok' + -- + knx(- )/ot~' .. ,at~nll L
q

<[ -mh, mh]n)

~ch-lkl+L;~l<'/qj '/Pj)IIx(·)11 (2.4)'" . Lp([-mh.mh]n)

holds true for all x(·) ELm, h(n).

The assertions of Lemma 2.4 are directly verified for n = 1. The general
case is proved by an inductive argument. We omit the corresponding
routine calculations.

3. PROOFS OF THE MAIN RESULTS

3.1. Proof of Theorem 1.1. Necessity. Let d v( W~(IR"), Lq(IR"),
cp('))<OCi, Then d(W~(lR/), L, Lq(IR"))<OCi for some LELinc(Lq(IR"))
such that dim(L, Lq([RI1), cp(.)) ~ v.

Let e> O. There is a sequence {as LE N for which

For each sEN there exists an M(s,e)ELin(Lq([-a"a,]") so that
dim M(s, e),,;;K£(as , L, Lq(IR")) and

d(Pa, y(-), M(s, e), Lq( [ -as> as]")) < e \\y(- )\\ Lq(lIl:n) (3.1)

for all y(,) E L.
Set ms := [(4vcp(as ))'/"/2], hs := 2a,/(4vcp(a,))'/" and denote L s :=

Lm"h,(n) (see Section 2). Since mshs";;a,, then supx(-)c:[-a"aJ" for
x(·) E L s '

Let c(k,lJlI) be a constant in (2.4) for 1JlI=1I1I, c,:=ct(r,IJlI):=
nmax{c(k, 1JlI) l1kl =r}, sEN, and

(3.2)



SOBOLEV CLASSES ON JR" 71

Then, by (2.4), X(')E W~(W) (we assume that x(t)=O for t outside the
[-a" aJ").

For each y(.) E L, we have (M:= M(s, e))

Ilx(-) - y(. )11 Lq(IR") ~ Ilx(·) - Pa, y(.) II Lq([ -a" a,]")

~ d(x(·), M, L,,( [ -as> aJ"))

-d(Pa,Y(·), M, L q ([ -as, as]"))
(3.1 )
~ d(x(·), M, L,,([ -as' as]"))-e IIY(')IILq(IR")

~ d(x(-), M, L'II( [ -as' asr) - e IIx(·)1I Lq(IR")

- e IIx·) - y(. )11 LqllR"1'

i.e.,

(1 + e) IIx(·) - y(-)II Lq(IR") ~ d(x(·), M, L,,([ -a" a,r)) - e IIx(-)1I LqllR")'

It follows that

(1 +e) d( W~(~"), L, Lq(JR"»

~d(x(-), M, L"([-a,, asJ"»-e Ilx(')IILq(IR")' (3.3)

By (2.4) for k=O and (3.2), one has

Ilx(·)\I Lq(IR") = Ilx( .)\1 Lq([ m,h" m,h,]")

~c h2:.7" 1 (l/q,-I/p/) Ilx(·)11
-....;:: 2 s· 0' Lp([-£ls.aJ]"1

~ C
3
hF~ 1 (l/q,- lip;) + r, (3.4)

where C3 > 0 depends only IP', illl, and r.
By taking the supremum over x(-) satisfying (3.2), and using (3.4), we

deduce from (3.3) that

(1 +e) d(W~(W), L, L,,(JR"))

~ C 11h:d(Ls n BL,,( [ - as' a,]"), M, L q ( [ - as' a,]"))

(3.5 )

For sufficiently large s, Ke(a." L, L'II(W» ~ ~vq>(a,) and since ~vq>(a,)/

dim L s ~~, then there is an So = so(e) EN so that ~vq>(as)/dimL, ~ 1,
s ~ so. Thus,

(3.6)

for all s ~ So'



72 G. G. MAGARIL-IL'YAEV

Let s ~ So. Put 1,:= 2/1 1[(4wp(a,))'//I/2]. Then

I d' (3.61 II d'I, = '2 1m L, ~ K,(an L, L~([R )) ~ 1m M(s, B).

It follows from this and the first two assertions of Lemma 2.4 (by using the
usual discretization technique) that

d(L,n BL~([ -an a,J"), M(s, e), L'l([ -a" a,.]"))

~dlJL,n BLI'([ -an aJ"), L~([ -an aJ"))

~ C4dl,(L, n BL~( [ -an a,J"), L, n L'l( [ -an a,J"))

>-c ilL;' ,tl/q, !'P,ld (B/N,(.~II) /N'(.f/l ))
:;:;..-- 5 s 1\}Jl nil' Q] mI·'

where .l,n, = {- m.n ... , m, - 1}, N, = (2m,,)".
From (3.5), (3.7), and Lemma 2.3, we get

(I + e) d( W~(IR"), L, Lq([RII))

(3.7)

~ (c6 - BC 3) 11: + L~ ,( !i'l, l/p,)

=C
7
(C6-/;('3)V (I/nl\r-L;'.l(l/p, ,/ql))(a;'/<p(a,,))('/nl\'-L~.l('/P' I/q,)). (3.8)

For sufficiently small B > 0, C6 - U'3 > O. Since r - L7~ I (l/pj- l/q) > 0 and
the left-hand side of (3.8) is finite, then lim infa~x (a"/<p(a)) <x. The
necessity is proved.

Sufficiency. Let lim inf., ~ x (a"/<p(a)) =: h <Xi. From the identity

K,(a, Jla , ~(IR"), L~([RII))

<p(a)

K,(a, :~a.~(IR"), L~(IR")). (2aY'

(2aY' <p(a)

and Lemma 2.1 it follows that (for (J = (}' III, ... , Y I ill ))

(3.9 )

Put }'=v(n/2)"h- ' if h>O, and }'=1 if h=O. Then, by (3.9) and
Lemma 2.2, we have

that is, d,( W~( IR"), L~( IR"), <p(- )) <XJ and, in addition, the required upper
bound is obtained.

Let lim infa~x (a"/<p(a))>O. Then the required lower bound follows
from (3.8). Theorem 1.1 is proved.
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3.2. Proof of Theorem 1.2. The upper bound. Let p > 0, pBIR":=
{t = (fl' ..., tn) E IR" 1ti + ... + t~ ~ p2} and F be the Fourier transform in
L 2(1R"). Denote by '§p(lR") the set of functions in L 2(1R") whose Fourier
transform is contained in pBIR". Then ~,(IR")E Linc (L 2(1R")) and

(3.10)

where V,,(p):= nn/2pnjr(nj2 + 1) is the volume of pBlRn.
This assertion follows from [2J, where the more general formula was

proved.
By Tp denote the map in L 2(lR n

) defined by FT"x(-) := XpFx(-), where
X

1
,(') is the characteristic function of pBlRn. It is not hard to check that T"

is a continuous linear operator in L 2(1R").
Let x(·) E BJt~( IR"). By Plancherel's theorem and the definition of

.Jf~(IR"), one has

2 1 2
Ilx(·)- Tp x(·)II L2(R")= (2nt IIFx(·)-FT"x(·) IIL2(R")

= _1_11 f !Fx(aW da
(2n) 1<11;.1'

=-2
1

n f (1 + !aI 2
)-' (l + laI 2

)' IFx(aW da
( n) 1<1\ ;. p

~ (1 + p2~ , f 10 + laI 2 )'/2 Fx(aW da
(2n:) R"

(l +p2)-' 2
(2n)" II Fl,x( . )/1 L,tR"j

= (l + p2)-' II/,x(- )IILIH"j

=(1 +p2)-'llx(')II~iIR")~(l+p2)-'. (3.11)

Evidently, 1m Tp C '§I'( IR n
) for any p > O. Let p= 2 fi( r(n/2) + 1) v) Ii",

Then V,,(p)/(271:)n = v. Hence, by (3.10), dim(1m T,;, L 2(1R"») ~ v. So it
follows from this and (3.11) that

dv(BJt~(IR"),L 2(1R"») ~ d(BJf~(IR"). 1m Tp• L 2(1R")

~ sup IIx(·) - Tpx(, )1/ L2(R")

xl·) E B.>t'·~1 R")

( ( (
n ) )2/,,) -,/2

~ 1+471: r ~+1 v .
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The lower bound. Let p > 0 be such that Vn(p )/(2n t > v. It is obvious
that there exist a positive integer N, sets ~,+ A" eRn, s = I, ..., N,
where ~jE IRn, s= I, ... , N, a>O, and A,,:= {/=(tl, ..., In)E IR" 11III ~a,
i=I, ... ,n} so that int(~I+A,,)nint(~j+A,,)=0,i#j, U~~l (~,+Aa)c

pBIR" and mes(U~~1 ((, + Aa )/(2n)" = N(2a)"/(2n)n > v.
Choose 1l1E(O,a) such that N(2(a-lldt/(2-n)">v and let O<j1<

III < a and k = (k I> ... , kn) E If". Consider the function

qJk.a(tl, ... , ttl)

'= fI sin(a -11)(// - k,n/(a -11)) sin Il(t/ - kJn/(a -11))

. /~I ll(a-Il)(tj-k,n/(a-Il»)2

It is easy to verify that qJ k. A· )E !?4". 2( IR"), where ii = (a, ... , a). Then, by the
Paley-Wiener theorem, FqJk.At)=O a.e. on IR"\A".

Let a> O. Set

Q(a) := span{qJk,,,(t) el.;,t Ilkjl

~ [a(a -11 d/n], j = I, ..., n, s = I, ..., N}.

If x(-)EQ(a) we see that Fx(t)=O a.e. on IR"\(U~'II~I ((, + A,,)). In
particular, Q(a) c ~p(IR").

Next, there is an ao > 0 such that for each a ~ ao and any x(·) E Q(a) the
inequality

Ilx(· )11 L21Rn i ~ lJ(a) Ilx(· )11 Ll([ - <1. <1]"1 (3.12)

holds true, where lJ(a»O and lJ(a)-+ I as a-+ 00.

For n = I, (3.12) was proved in [7]. The argument in the general case
is similar.

We now show that

(3.13 )

Let LELin c(L2(lRn», dim(L, L2(1R"»~V, a~ao, S(a) be the restriction
of Q(a) to [-a, a]n, and x a (·) E S(a) n (lJ(a») I BL2([ -a, a]n). Because
x a(·) is an analytic function, there is a unique function x(·) E Q(a) such that
x(-) I[-a. a]n = x a(·)· Hence, by (3.12), Ilx(· )11 LlliRnl ~ I, that is, x(- ) E '§p( IR") n
BL2(lR n

).

By an argument similar to the proof of Theorem 1.1, we have (see (3.3»)

(l +d d(,§p(lR") n BL 2(1R"), L, L 2(1R"))

~d(xa(')' M(a, E), L 2([ -a, a]n)-E, (3.14)
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where 1'>0, M(a, e) is a subspace of L 2([-a,a]"), and dimM(a,e)~

Ke(a, L, L 2(W».
By taking the supremum over such x a (·), we obtain

(1 + e) d(~p(W) (\ BL 2(lR n
), L, L 2(W»

~ (I1(a)) --1 d(S(a) (\ BL2 ( [ - a, a]"), M(a, e), L 2 ( [ -a, a]")) - e. (3.15)

It is clear that dim S(a) = dim Q(a)=N(2[a(0"-Jld/n] + 1)". By
assumption lima~oo (dim S(a)/(2an=N(2(0"-Jld)"/(2nt=: VI >v. Let
15>0 satisfy v.-J>v+J and {asLeN be a sequence for which

Then there exists an integer So such that Ke(a" L, L 2(W» ~ (v + J)(2a s t
and dim S(as)~ (vI-J)(2a,t for all s~so. That is,

Hence, by Tikhomirov's theorem (let X be a normed linear space,
L E Lin(X), and dim L = n + 1; then d,,(L (\ BX, X) = 1), we have

for all s ~ So'

From this and (3.15) and since I'f(a)~ I as a~ 00, we obtain (3.13).
Next, the Bernstein-type inequality

(3.16 )

holds true for all x(·) E ~p( IR n
).

Indeed, if x(·) E ~I'(W), then, by Plancherel's theorem,

IIx(· )II~'(Rn) = _1_'1 f ((1 + I,W)x/2 IFx().)1)2 d)'
, (2n) Rn

=_1_" J (I + I.W)X IFx().W d)'
(2n) 1;.1';;1'

~-21,,(1 + p2)X f IFx().W d)'
( n) w

= (1 + p2)x Ilx(-)IIL(~n).
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Inequality (3.16) means that ~,(IR")n (1 + p2) ,/2 BL2(1R") C B£~(IR").

It follows from this and (3.13) that

d\,(B£~(IR"),L 2(1R")) ~ (1 + p 2). ,/2 al,(~,(IR")n BL2(1R"), L 2(1R"))

~ (1 + p2) ,/2

Since this is true of every p > 0 such that V,,(p )/(2n)" > I' we deduce that

Theorem 1.2 is proved.
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